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ABSTRACT

Considering the last surge in fuel prices, thegyolo limit the share of housing expenses in the
households’ budget, so as to secure their solvemay,been criticized. Supposedly, it induces
people to get farther from the city center in skaof cheaper housing prices, but with
subsequent increased transportation costs thaofter disregarded during the house search
process. To address this issue, several reseattingsadvocated to set a constraint on the share
of both housing and transportation expenditure.

The present paper analyzes and compares the effeitts two policies on the main features
of the city and on the households’ utility. The lgse is carried out within the classical
monocentric model of urban economics. After a galinanalysis, an applied model is specified
to capture the effects of each policy in straigivtiard formulae.

| find that constraining housing expenses may m®eethe well-being of households.
Additionally, both policies prove to be effective ieducing urban sprawl and thereby energy
consumption. Thus the choice of the optimal polieyi depend on the local authorities’
objectives.

Keywords: monocentric model, urban economics, housing esggntransportation expenses,
housing policy, location efficient mortgage
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INTRODUCTION

During the 2008 surge in oil prices, notable consaose about the “solvency” of households,
which | define here as their ability to meet akithexpense's This was especially the case in

tight housing markets, where households have te fagnificant housing expenditures. And

although the subsequent drop has somehow relidzetiduseholds’ budgets, concerns remain
over the long-term situation since oil prices amerenthan likely to be on the rise again. Under
such circumstances, the relevance of capping hgusipenditures at a given fraction of the

household income, measure which had already be@&stigned, has become even more
controversidl. Such practice is common in several countriesriteoto preserve the household

solvency. In France it is enforced in two ways:

« Monthly payments for home loans amount to at mast third of the household income
(28 % in the U.S. according to Duca and Rosenttz84)).

«  When applying to rent a home, candidates must aardeast around three times the
required re

While this policy does seem to secure the solvaridpe households, it may spur them to settle
far from the center of the agglomeration in seafcimoderate housing prices. Such is the case in
the Greater Paris Region, whose central part dasgeriacks affordable housing supply. This
induces new homeowners to settle farther and faithéhe suburbs, thereby contributing to
urban sprawl (Polacchini and Orfeuil (1999)). Farthore, because suburban households
usually make the most extensive use of the carwillesee that they expose themselves to
significant transport costs, which combined to tlmusing burden jeopardize the household
budget. To prevent such undesirable collateral ceffeseveral researchers (Hare (1995),
Polacchini and Orfeuil (1999)) have advocated theivalent of a joint budget constraint
(housing plus transportation) for homebuyers, ms$tef the current practices. Their aim is
twofold:

« To increase public awareness of the extent of p@ngtion costs implied by suburban
and exurban lifestyles.

« Making near transit locations more affordable byréasing the size of the home loan for
households willing to locate in such areas (basefliture savings on transportation).

This idea was implemented in the U.S., under theenaf “Location Efficient Mortgagé” but
only in a limited number of housing markets.

! This definition therefore covers the usual notiorsolvency as the ability of households to meet tfirancial
obligations on time, and in particular mortgage-egatnes.

2 For the reminder of the text, we will equally ube terms “burden” or “expense ratio” to refer to fraction of
the household income dedicated to a budget itemheuging or transportation. The housing expense tlso
sometimes referred to as the front ratio.

® The ratio of one to three corresponds to a widesppeactice in the Paris Metropolitan Area, thougi fenters
may even require up to four times the rent. In tineimder of France, income requirements may be less.stri

* Seewww.locationefficiency.confor more on the LEM, which notably stemmed from wark achieved by Haas
et alii (2006)
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Although there is abundant economic literatureessisg land-use regulatory policies
(e.g. Bertaud and Brueckner (2005) or Bruecknef§2Q this is not the case for the specific
policies | have mentioned. | propose to remedy dlais by analyzing first the policy limiting the
housing expense ratio (which | call the Constrairedising Expense (CHE) policy), then the
one capping the total share of transportation amdising expenses (the Constrained
Housing+Transportation expenses (CH+T) policy). Tdmalysis is carried out within the
classical framework of urban economics, the monwimemodel. The impacts of each policy on
the main features of the city are brought to lighén compared; in particular | examine the issue
of the well-being of the households, the city sarel the related transport costs, and rent prices.
As will be seen, both policies reduce urban spr@ntl thus could contribute to reduced energy
consumption) while maintaining or even increasimg well-being of the households.

| shall present this work as follows: the firstcen being the present introduction,
section two describes the context and the scopleeadtudy. Sections three and four respectively

analyze at great length the CHE and CH+T policgetion Five offers by way of conclusion a
comparative analysis of the two measures, andypoticommendations.

CONTEXT AND SCOPE OF THE STUDY

As | mentioned in the introduction, no economic kvdras specifically tackled the issue of
assessing the CHE and CH+T policies. Still, thegs sf works bring useful insights to the topic
of this study. Along the presentation of these workfirst provide indirect yet conclusive

evidence for the significant influence of the CH&ligy. It will also be shown that CHE and

CH+T policies more specifically target low- and ufielincome households. Next, a survey of
existing works on CHE and CH+T policies is carrmat. Finally, | present the framework of

analysis, and specify the scope of the study.

On housing and transportation burdens

A first set of empirical works allows grasping thiee of the issue at stake by focusing on
the households’ housing and transportation burdéssa matter of fact, three questions are
preliminary to the present study:

1. Does the CHE policy concern a significant numbenaiseholds?
2. Is the impact on housing choices noteworthy?
3. Do the spatial variations of transport costs reabtter in front of the housing burden?

By providing estimates of the housing and trangimm burdens, Polacchini and Orfeuil (1999),
Berri (2007) and Coulombel, Deschamps and Leur2@07%) bring first pieces of answer to
qguestion 1 and 3 for the Paris Metropolitan Areslf&). Despite differences in methodology or
in the year of interest, all works draw similar clusions regarding the housing and
transportation expense ratios:

« The housing expense ratio is fairly stable ovecspand close to the maximum allowed
by the CHE policy. Polacchini and Orfeuil (1999 difor the year 1991 an average front ratio of
32% for homebuyers and 26% for tenants of the privaarket. Coulombel, Deschamps and
Leurent (2007) respectively find 28% and 39% foary2001. Berri (2007) provides the lowest
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housing burdens, with 28% for homebuyers and 2Za@%enants of the unregulated sector in
1994.

+ On the other hand, the transportation burden shargreases with distance to the
Central Business District (CBD), as a result ofghlr car modal share in the suburbs, as well as
households making longer trips. Coulombel, Desclsampd Leurent (2007) have found that
expense ratios range from 7% for inner Paris to &%the most remote parts of the PMA.

Given these two facts, all works bring to light iacreasing trend for the overall housing and
transportation burden.

Interestingly Haas et alii (2006) reach similanclosions for the U.S. despite notorious
differences with Europe regarding urban structarelyzing 28 metropolitan areas, they find the
housing burden to be much less sensitive to logati@an the transportation burden, which
strongly increases with distance to the nearesi@mpent center. For households with yearly
income between 35,000 and 50,000%, the averagengobarden varies between 23 and 26%
according to the location within the metropolitara against 16 to 26% for transportation.

These findings naturally lead to the two followistatements

« The relative constancy of the housing expense ratier space (within a given
metropolitan area), combined to its closeness éothieoretical upper bound, is most likely the
effect of the CHE policy.

« Given this constancy, the increasing trend of thendportation share jeopardizes
suburban households, who face a heavy joint hou&ingansportation burden (sometimes
exceeding half their income).

Two elements support the first statement, whichhinigpt come out as obvious at first. Firstly,
housing burdens display volatility: thus an averagasing burden not far from the theoretical
upper bound most probably comes with a sizable murob constrained households. Secondly,
exhibiting a front ratio lower than the upper thetaral bound does not automatically imply that
the household was not constrained by the CHE paliogn it made its housing choice (i.e. when
it acquired or rented its present dwelling). Indeéedome often rises during the household life-
cycle, notably because of inflation and job promwsi. Besides, when the household has
successfully reimbursed its mortgage, its housingdén also drops. Consequently one
household usually sees its housing burden progegsilecline until its next residential méve
This could partly account for the fact that sevdraliseholds display housing expense ratios
lower than the upper bound.

Although the two previous assertions would tendntotivate the present study by
providing indirect evidence for the significancetioé CHE policy, one has to moderate them by
underlining the role of income in the previous gsak. As a matter of fact, all works accounting
for income (Berri (2007), Coulombel, Deschamps ardrent (2007) and Haas et alii (2006))
put forward the significant decrease of both theismg and the transportation burdens with

® While these statements are not explicit in Haas e{2006), such is the case in Polacchini and Orfei899),
Berri (2007) and Coulombel, Deschamps and Leuréd@q{R

® In fact, the housing burden may also increase inafaae adverse event on the job market such as unemptty
or if the housing expenses increase due to specifiditons (renegotiation of the lease, flexible ingtreate
mortgage products...).
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incomé€. Low- and middle-income households are thus miedyl to face a heavy H+T burden
than high-income households. This also implies ligit-income households are less likely to be
constrained by CHE or CH+T policies.

To conclude on this first statement, let us puverd additional figures which prove to

be enlightening. In a study on the effects of being constraints, Gobillon and Le Blanc (2008)
estimate thanks to an econometric model that 53%etenants of the private sector would be
constrained were they to opt for ownerghiplthough the share of potentially constrained
households is logically lower for homeowners (hooysss and outright owners confounded), it
still adds up to 20% of this category. If one addsall the previous elements, the significance of
the CHE policy in the case of homebuyers is cleadiablished. As regards tenancy, although
previous studies have emphasized significant hgusurdens, which are likely to come along
with a substantial fraction of constrained housdbola more precise assessment of the
phenomenon has yet to be made.

Similarly, the second statement may seem pecatiéirst. A sound economic reasoning
would raise the fact that rational households witional expectations freely and adequately
choose their housing and transportation bundles Tihiplies that the high housing plus
transportation share of suburban households iso&celand not a danger, even if it were to
represent more than half the household income. tNiete arguments challenge this line of
thinking:

. The housing market might not be perfectly compatitin case of sticky pric&s‘insider
households” in the center of the agglomeration miyaAnt to stay in order to enjoy low
transportation costs, leading “outsider househotdsbe restricted to suburban locations with
housing prices not compensating the heavy trarsgpamt burden. In such a case, stickiness of
prices would prevent the adjustment of housinggwrim the central part of the agglomeration
given the strong demand for these locations.

« Households might not be perfectly informed of torsation costs. This might especially
be the case for car-owners: the presence of firedvariable costs, the issue of maintenance, the
cost of the credit (when applicable), the posgipitif selling the car to get a new one, are all
elements that contribute to a difficult perceptidrthe true cost of a c2r The variability of fuel
prices might also not be well apprehended. Besidasy households do not consider fixed costs
in the equation because they take the fact thgtrieed a car for granted, and thus compare the
cost of transit to the variable cost of privategaortation.

" Let us note that accounting for the household incdimes not alter the spatial patterns of the housiry an
transportation expense ratios.

® To be more precise, by predicting the value ofdivelling the household would be willing to purchéfsié were
to opt for ownership at a given time t, the econoimetodel developed by the authors can estimate thdeuaf
households who would face borrowing constraints giveir tturrent income and wealth. The two main types o
borrowing constraints are considered, i.e. the incoamstraint we mentioned and the upfront paymenttcains
Gobillon and Le Blanc (2008) point out that thedm® constraint prevails in most cases, corroboratieg th
significance of the CH policy.

® The assumption of sticky prices in the housing maskeuld be validated but the regulation of rents afjrey in
several countries strongly supports this idea.

9 From my personal experience, many people aroundawve o idea of the extent of fixed costs involvedhsy
ownership of a car on a yearly or on a per km basis.
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+ A last argument relying on moral hazard is that detwlds might not sufficiently
consider the issue of bankruptcy (from a point igw optimizing social welfare) because of
laws and public policies protecting financially tdessed households.

Overview of the existing literature on CHE and CH+Tpolicies

While there are few works on the regulation of hogsexpenses in the rental markethe
effects of borrowing constraints on the demandhfausing have largely been documented by the
economic literature. These works, described attdesgth in the survey carried out by Gobillon
(2008), focus on the household decision to move @mdhe subsequent choice of tenure.
Typically, households are assumed to opt for bettute and the quantity of housing stock (or
housing service in the case of tenancy) so as teinmee their utility. Moving costs and
transaction costs are introduced in most mode&tount for the fact that housing adjustments
(which occur under the form of a residential mdyelo not happen constantly, but only when
housing consumption gets too far from its optimalue. When a move occurs, the household
chooses simultaneously its type of tenure accortbntpe relative current and future prices of
renting and owning, and its ideal quantity of hagsiconsumption. Because borrowing
constraints prevent concerned households from amgdiseir optimal value of housing stock, it
has the double impact of making tenancy more dittaand hindering residential mobility. The
latter effect might even prevail according to Z¢tA89) or Gobillon and Le Blanc (2008).

This literature has shed important light on thedehold behavior in front of borrowing
constraints. It has also collected enough evidémemswer positively to above questiof’ Xet,
it fails at answering our questions for two reasdist, most works do not consider the housing
supply side, and consequently equilibrium mechasisrhe impacts of borrowing constraints on
housing prices are usually beyond scope. The oomssi space is another significant weakness
of most works on this topic, as well as of the fearks that specifically deal with the issue of
location efficient mortgagé% Since housing prices vary within the metropoliéaea, borrowing
constraints are likely to deeply influence the tamachoices of households. According to Hare
(1995), what he calls “clunker mortgages” are esemtral in accounting for urban sprawl.

Theoretical framework

Given the previous remarks, a better understandfnipe effects of CHE and CH+T policies
implies considering the role of space and equiiforimechanisms. This is where a third part of
the economic literature, which focuses on the aglpf land-use regulatory policies, proves
useful. Based on the use of the classical framevadrkirban economics, namely the urban
monocentric modét, several works have studied the effects of rdairis on city size, density
(or alternatively building-height with the introdian of maximal or minimal Floor Area Ratios),

M1t is important to note that regulating housing exges is different from rent control: the CHE poligetates at
the household level and not at the dwelling leveéhwéntal price ceilings like it is the case for reantrol.

2 The possibility of maintenance (or more generatlyde works) as a form of stock adjustment is rarehsiclered
in this literature.

13 Once again we refer the reader to Gobillon (2868}onclusive evidence on this issue.
14 E.g. Blackman and Krupnick (2001)
15 See Fujita (1989) for a very thorough analysithif model.
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as well as other forms of regulation. The abilifyttte monocentric model to represent both the
demand and supply side of the housing market wih&patial framework makes it an adequate
tool for the analysis of such policies. Recent abations of Bertaud and Brueckner (2005) and
Brueckner (2006) afford a good overview of thisn#igant body of the urban economic
literature.

Because the monocentric model has been shown tpatieularly suitable to study
housing or land use policies in a spatial equilibrisetting, | have chosen it for the present
analysis and | will now outline its main charactéds. In the version of the model that | am
going to use, households with incoMenaximize their utilityU(zs) through a tradeoff between
two goods, landqrepresenting land consumption or lot size) andraposite good denoted lay
standing for all other goods, under a budget camgtrThis economic behavior is represented by
the following maximization problem:

'\4‘;")} U(z,s) st. R(r)s+z+T(r)=Y
While R(r) stands for the relative land remtis the numéraire good, afir) represents transport
costs. The variable represents location: since locating farther friwa ¢entral business district
(CBD) implies higher transport costs, householgscilly trade-off between accessibility and
housing prices when choosing their location. Theeese of this model lies in the endogeneity of
housing prices, which vary according to the lawsopply and demand. At equilibrium, prices
reflect the “spatial advantage” of a given location

Scope of the study

The choice of this specific version of the monddermodel holds several assumptions,
which I am now going to discuss. This will alsegus the opportunity to specify the scope of
the present study.

Transportation network

Several assumptions are made about the transportatstem:

(H1) The transportation network is assumed to betioedal” and dense.
(H2) Transportation costs only include monetaryt€os

(H3) They are isotropic and determined only by tmca

(H4) Transportation costs increase with distance.

Among the four assumptions (H2) is the most nattoaltwo reasons: firstly, only monetary
costs are considered in the CHE and CH+T conssraBgcondly, even if travel-time costs were
to be included, Coulombel, Deschamps and Leure@07R have established for the Paris
Metropolitan Area that neither location nor houddhncome have a significant impact on travel
time budgets. (H4) is a usual assumption in a memivic frameworf’; it was verified for the
PMA by Coulombel, Deschamps and Leurent (2007).

Now let us turn to (H1) and (H3). While transptida costs slightly increase with
income, this feature is neglected for the sakeimipkcity. Besides this point, the strongest
assumption is to my view that of “unimodality”. i important to note that within the stylized

18 This would not be the case in a polycentric framéwo
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model that | use, the so-called “unimodality” hylpedis does not necessarily imply one single
mode throughout the whole city. It rather corresisto the fact that one location equals one
given amount of transportation costs. Transpomatiosts may correspond to transit costs in the
central part and car costs in the suburbs withfiatting the validity of the model. Nevertheless,
households may not choose between different mddegi@en location. Thus, the “unimodality”
assumption could be reformulated as the fact thatctiges of mobility are completely
determined by location. This is not far from betnge, especially in the PMA: walk and transit
prevail in the dense and usually congested ardaite the car often represents the only sensible
option for households living in the suburbs. Th&swmption is also corroborated by recent
findings from Haas et alii (2006): they establislatttransportation costs are driven more by
neighborhood characteristics than by householdarme.

{ PARTIE EN COURS
Representation of the housing market

Pas de representation des offreurs (Muth) -> ters@rvice Igt. Pas de varieties des Igts

Representation of the housing market: Note thahe simplified context of the monocentric
model, land rents and housing prices are equivalent

Representation of space

Ville linéaire et isotrope

Representation of the households

Unicité des preferences, du revenu, pas de priserapte des caractéristiques du ménage

CAPPING THE HOUSING EXPENSE RATIO

This section analyzes the impact of the CHE palicterms of:

+ Household utility
« Land use: city size, density
« Composition of the household budget

To do so, | first present the constrained houskpeeses (CHE) model and solve the household
maximization problem. Then | characterize the elguilm city and proceed to comparative
statics in the general case. Lastly, | study tliledint impacts of the CHE policy in the case of a
linear city.

The Constrained Housing Expense (CHE) model

Let us consider the general case, whe(e,9 and T(r) are assumed to comply with only the
classical hypotheses :

A Monocentric Analysis of Housing Budget Restrictions, 2008, Working Paper
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« The utility function U(z,9 is concave, strictly increasing with and s, and is well-
behaved'.
« Transportation cost§(r) increase with distanaeto the CBD.

Presentation of the CHE model

The CHE policy consists in capping housing expemdg at a given fraction of the household
income. To study the effects of this policy | tHere amend the monocentric model with the
following constraint:

R(r)s<aY ED
whereaJ[0,1]. Given the budget constraint of the househ(d) is equivalent to the following
constraint, which will prove easier to handle:

zz(1-a)Y-T(r) E2
Consequently, the household maximization problecobes:

z+R(r)s+T(r) =Y
{ zz2Q-a)Y-T(r)

Note thatu=1 yields the original unconstrained model.

maxU (z,s) st.
zZ,S,r

€3

Notation
The following notations are used throughout thitise:

+ Atilde superscript (~) for the CHE model, no syritoo the original model

+ | often omit the argumermnt when unnecessary.

« Ep(ua) :{r/z(r,u) <@-a)Y —T(r)} is the strictly binding zone, defined as the det o
locationsr where the Lagrange multiplier associated&g) (is strictly positive.

. E (ua)=E,(u,a) is the nonbinding zor& andk, (u,a) its open subset.

+ Yzu) is the inverse function dd(zs) with respect t@.

+ Z(su) is the inverse function &f(zs) with respect ta.

«  I'maxiS the farthest feasible location(r,) =Y .

The bid-max program

Bid rent function of the household Bid rent functions for the CHE and original modate
defined as usual:

7 See definition provided in Fujita (1989) p.99
8 Thus the complementary Bf(u), which is also the zone where the constraint istina
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Y-T(r)-z

lTJ(r,u) = max{
z,S S

U(zs)=u }

z=z2([1-a)Y-T(r) Eq)

W(r,u) = max{mp (z,9) = u}
z,S S
Argmax of the unconstrained program are denatedl) andz(r,u). Let us recall the classical
properties:

+ g(r,u) increases witlh andu
+ ¥(r,u) decreases withandu
« Z(r,u) decreases with

BecauselTJ(r,u) is obtained by adding the HE constraint to thegioal program, we have the
following property (proof omitted):

PROPERTY1
Z(r,u) = max{z(r,u), L-a)Y —T(r)]
$(r,u) = min[s(r,u), S(@- a)Y = T(r),u)] K5)

P(r,u) = min[W(r,u),aY/'s‘(r,u)]
which implies that((r,u), Z(r,u) = z(r,u), s(r,u) < s(r,u) and LTJ(r,u) < Y(r,u)
To sum up, for a given utility level, and insidesthinding zone, capping housing expenditures
reduces:

+ the lot size which is bid for.
+ the ability to pay for a unit of land.

Properties of the bid-max variables A binding HE constraint alters the solutions.
Nevertheless, syster&$) ensures that:

« 5(r,u) increases with, u anda
. lTJ(r,u) decreases with u and increases witd
. Z(r,u) decreases withanda

Conservation of the properties with respect endu is central to demonstrating the existence
and uniqueness of the equilibrium land use. Reggrthe role ofa, relieving the constraint
increases the maximum level of housing expenditundsch allows households to purchase
bigger lots, increase their bid rent, and redue& tonsumption of the good.

The case of single household type

| investigate in this subsection the standard fraork of a closed city with absentee landlords
and inhabited by households of a given single tyyg#) incomeY and utility functionU(z,s)
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After demonstrating the existence and uniquenesghefequilibrium in the CHE model, |
perform comparative statics in order to compareQhk equilibrium to the original equilibrium.

As usual, we note ad the number of households and we assume positng dapply
L(r)>0 at allr>0.

Existence and uniqueness of the CHE equilibrium

As in Fujita @) for the unconstrained model, demonstrating thstemxce and uniqueness of the
equilibrium in the CHE model is equivalent to prayithat there exists a unique cougler; )

that complies with the following system:
W(T,0) = Ry
Ir? L(r) £6)

———dr=N
0 s(r,u)

The first equality is the boundary condition thetetmines the edge of the city: atr; bid rent

equates the opportunity cost of larigh. The second equality corresponds to the population
constraint: integration of the density function huit the city givesN, the total number of
households. Note that densityr) is given by the available land supply divided thye land
consumption per household, ix{r)=L(r)+3(r,0)

PROPOSITIONL
The CHE monocentric model with single householatgdmits a unique equilibrium.

PROOF OF PROPOSITION

Similarly to Fujita @), we consider the outer boundary functiEr@u characterized by
J‘:(U)%dr =N. B(U) determines the city size for a given target wtilit Sinces(r,u )
exhibits the same required featuress@al), that is to says(r,u )s decreasing im, tends
toward +o when U — +o0 and tends toward O whebl — —oco, we could proceed
similarly to Fujita and show theﬁ(u i well-defined on an intervalop,a[, where possibly
a=+w. Besidesp (u) strictly increases with and ranges from 0 tesrwhenu ranges from
o toa.

Then we consideRggyng(X) = P(x,U(x)) whereU (x) =b %(x) for xO[0,rmal. Reound(X)
is the land rent at the edgeof a city, the utility of which has been choserasao procure
the required sizg. SinceB(u )increases strictly with, U~(x) also increases strictly with

implying that ﬁsound(x) is strictly decreasing i® (remember thatTJ(r,u )Js decreasing in
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bothr andu). Since ﬁBound(rmaX) =0 and ﬁBound(x) - +0o,the equatiorﬁBound(x) =Ra
X-0

admits one and only one solutiofy . Eventually, by takingl :G(Ff ), itis trivial to check
that (U,r; ) satisfies systentg).

Comparative statics in the general case

| determine here the influence of the constraimapeetera on the equilibrium city.

City Size Quite intuitively, the CHE policy reduces théyaize:
PROPOSITION2

For any set,Y,Ry) the sizeT; (@) of the CHE city increases with
PROOF OF PROPOSITIOR

Let us first show that the constrained boundarnyt @mve ﬁBound(x, a,) is below the

second one, i.eRgyyng(X 1) < Reound(X. )

As O(r,u), s(r,u,aq)<5s(r,u,a,) thenJ‘XLerIX L(r) dr

0 s(r,u,a;) 0 s(r,u,a,)
B(U,O’) B(U,a) ~ -~
Since J VLt g =I ?_LO g oN, this implies b(u,a,)<b(u,a,),
0 s(r,u,a) 0 s(r,u,a,)

which in turn implies that the inverse functionse a@n reversed order, that is to say
U(x,a;)2U(x,a,).

Using the inequalityI(r,u), lTJ(r,u,al) < lTJ(r,u,az), we have:

LTJ(X,J(x,al),al) < tTJ(X,J(X,CYZ), ap) < @(X,J(Xﬂz)' as)

= Raound(% 1) < Reound(X.a2)

which is the claimed property. Considering this,mdestration of proposition 2 is
straightforward sincéRgy,nq(fs (01),@1) = Reound(Ts (02),a2) = Ra.-

Becauser>1 yields the original model, proposition 2 unvelist the CHE city is smaller than
the original one.

Equilibrium utility ~ While the analysis of equilibrium utility is m®icomplex, the following
proposition gives an insight:

PrROPOSITION3

A Monocentric Analysis of Housing Budget Restrictions, 2008, Working Paper
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For any couple;<ay, if the household located at the edge ofdheity spends less thanY
on housing (.67 (a,) JEA(U(a,),a1)), then the equilibrium utilityli(a) of thea; city
is superior to the equilibrium utilityi(a,) of thea, city.
PROOF

For a household located &t(a, ), we have the following relations:
-W(F (@2), U(az),a1) = P(s (@2),0(a2),a5) from Ty (@) DEA(0(a2), 1)
- @(Ff (al),G(al),al)z Ra = @(Ff (az),U(az),az) (boundary conditions)
- lTJ(Ff (az),U(al),al)s LTJ(Ff (al),ﬁ(al),al) due tor; (ay) <T¢ (a, ) (proposition 2)
By combining these relations, we ha\;fé('r} (az),U(al),al)s @(Ff (az),G(az),al), which
implies U(a;) 2u(a,).

Proposition 3 shows specific conditions under whisé equilibrium utility of the CHE city

decreases with. By choosingx,=1, it gives a simple condition, sufficient but macessary, for

the CHE city to display a higher equilibrium ugflithan the unconstrained city (with equilibrium
utility ueg). On the other hand, we will see in the applicatio come that the casga) < Ugq IS

possible when the constraint puts an excessiveeburd the households.
Actually, the HE constraint induces two effectatthlter the equilibrium utility level:

« Being constrained in their choices, householdseaxeha lower utility at a given location
and land rent price

« But capping housing expenses has a depressing effdud prices, hence on land rents,
which tends to increase the utility of the housdhol

Depending on the relative magnitude of these twectds, the resulting utility level of the HE
city is higher or lower than that of the originilc

Housing expenses Determining the influence af on housing expenses proves not trivial,
because tightening the HE constraint may resuld ilmwer utility level, which in turn may

increase the housing expenses of unconstraineceholgs. Nonetheless, when the equilibrium
utility rises, it is possible to show that tightegithe constraint always diminishes the total land
rent distributed to the landlords. This also haldien the constraint is binding for the whole city.

Application to a linear city

Considering the limitations of the general caselywm | now provide a special case as an
illustration, with a log-linear utility functionU(z,s) =1/2logz+1/2logs, linear transport

costsT(r)=ar and a linear cityL(r)=1. | did not choose a disk-shaped city (L&.)=2xar) since
calculations prove more complex, especially foivdeg analytical results.

A Monocentric Analysis of Housing Budget Restrictions, 2008, Working Paper
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Derivation of the equilibrium city

After determining the binding zone, | derive th#etient variables of interest, that is to say bid-
max variables, utility level and city size, whichuse in the next subsection to analyze the
equilibrium outcomes.

Determination of the binding zone The log-linear form utility function implying #t
z(r,u) =1/2(Y —ar), the housing expenditure constraint is strictiydimg when:

- 2a)Y -

I <rping (@) =

Thus:

- if a=1/2 the HE constraint is never binding, the CHE modekquivalent to the
unconstrained model.

- if a<1/2, only households located closer thanq(a) are effectively submitted to the
HE constraint.

Characterization of the equilibrium  Resolution of the bid-max program brings abdw t
following formulae:

Z(r,u)=@L-a)Y —ar Z(r,u)y=(Y —ar)/2
r<rping (@) {3(r,u)=e?/Z(r,u) r>rpng (@) {3(r,u)=e®/Z(r,u) (=)
Y(r,u)=e Xav{@-a)Y -ar} Y(r,u)=e (Y -ar)? /4

Figure 1 illustrates these solutions for the follogvsettings (which will constitute the reference
model): N=10, Y=80, a=8 andRa=20. In addition to that | choose=0.20 andu=21.21 (which
corresponds to the equilibrium utility of the CHEodel for the chosen settings). For these
settingS max=10 andrping=6.
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As previously observed, for a given utility the ld&nstraint reduces both the lot size and the bid
rent inside the binding zone, and increases thswuaption of the composite good. Outside the
binding zone, we find the same solutions for theEGifhd unconstrained models.

We are now ready to characterize the equilibriums.
ProOPOSITION4
In the applied case, the equilibrium is characeetias follows:

asag aD[aCr ,1/2] a=1/2

2,2 2 21 _ 2 2
eZG a'\z( \/a2N2+(1_aj Ri—aN Y (1 2a +2a ) 7\(
RZ a 2(aN +R,) 4(aN +Rp)

Y aN) (1-a)? an||| v R Y- | _Ra
rf —|1-al1+. | — | +|—= - —1- A (2—4a'+4a'2) a aN+RA

-1
wherea, [1 /1@}
RA

Calculations are based on the distinction of 3sase

+ >1/2 yields the unconstrained model
« If a[ac,1/2], the edge of the city is beyonghq(«)
+ If a<ae, the HE constraint is active for the whole city

Comparative statics for the applied model

After computing the different equilibriums, we caroceed to a more precise analysis of the role
of a.

Utility level In the applied model, while an appropriate caa€a increases the households’
utility compared to the unconstrained city, settirtg too low a value usually decreases it.

PROPERTYZ2

For any given set of parametei$ Y,Ra>0,a), the equilibrium utilityu(a )of the CHE city
strictly decreases ona{,1/2] with U (@/2) = Ugg- It is maximal for omagac, with

U(@max) > Ueq- Furthermore, u(a) Pk

If Ra=0, u(a) strictly decreases on ]0,1/2] and therefore isimakwhena tends toward O.

Demonstration (proof omitted) is carried out byngsproposition 4.

A Monocentric Analysis of Housing Budget Restrictions, 2008, Working Paper
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Figure 2 depicts the variations 6126(“) for the reference model (correspondingNtel 0, Y=80,
a=8 andRa=20); for these settingg,=0.25.
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FIGURE 2 Utility level and city size of the CHE dy.

We can check that 0.176m.<0c =0.25, which corroborates property 2.

Property 2 confirms proposition 3: whenever thg @iinge is beyond the binding zone
(i.e. 7, (a)=r,,4 (@) Which is equivalent teac ), the CHE city displays a higher utility level

than the unconstrained city. On the other handhef city is entirely constrained, reducing
proves worthwhile at first but quickly utility dwittes.

In fact, when the outside competition for lande(thgricultural sector) is mild, the
constraints put on households’ choices are mom ¢banpensated for by the drop in prices that
results from less fierce competition for land witlihe binding zone. This increases the utility of
all households. Conversely, if the competitivenalsthe households is too weak relative to the
agricultural sector, the reduction of the city sgexacerbated and leads to declining utility.

City Size and Density Unlike the utility level, tightening the housibgidget constraint always
reduces city sizésee proposition 2) as shown on Figure 2. Whes decreased from 0.5 to O,
city size shrinks, and this phenomenon is acceatuathena<amax i.€. When the HE constraint
becomes too significant relatively to the needdmpete with the agricultural sector for land.

Reduction of the city size is achieved in diffdretays according to the value @f

A Monocentric Analysis of Housing Budget Restrictions, 2008, Working Paper
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« When the utility level increases, owing to highensiities near the CBD that overweigh
lower densities in the suburban area
« When the utility level decreases, density uniformggs throughout the city

Figure 3 illustrates the equilibrium densities fioe original city, and two CHE cities witt=0.3
ando=0.15:

35

2,5

CHE(0=0,15)

1,5

CHE (a=0,3)

0,5
0 1 2 3 4 5 6

Distance r

FIGURE 3 Influence ofa on density in the reference model.

Whena is chosen withindmax1/2], we observe as predicted higher densities theaCBD, but
lower densities in the suburbs. Wherns chosen within [@ma], density rises throughout the
whole town.

Average composition of household budgetsSince the HE policy was designed to cap housing
expenses so as to ensure the solvency of the hadselone key issue is the average
composition of the household budget at equilibriand use (proof omitted):

PROPERTY3

For any given set,Y,Ra,a), the average expenditures for both housing asmksprortation
are rising withe, inducing a declining consumption of thgood

Figure 4 exemplifies Property 3 for the referenasdel. For high values af (between 0.4 and

0.5), decreasing only slightly reduces the housing and transpamabudget shares, because a
limited number of households is affected by thest@int. Ifa further decreases (approximately
until amax=0.176), housing expenses decrease more sharplg wailsport costs are moderately
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affected. On this interval, decreasimd¢nas a more significant depressing effect on piriicas on
lot sizes. Belowrmay the constraint weighs more on the householdsicelsoof lot size, resulting
in smaller cities and lower transportation and hmgiexpenditures.

100%

90%

B0%

T0%
Total z Consumption
60%
50%
otal Transport Costs
30% FEEEEEEEEEE e oo

20% I

10% I o m mm e e e e e e e e

Value of a

FIGURE 4 Influence ofa on the average composition of the household's buetg

Concluding remarks for the CHE model In sum, capping housing expenditures has the
twofold effect of distorting households’ resideht@noices (regarding lot size) and reducing
equilibrium prices of the housing market. At firfte latter effect overweighs the former, leading
to an increase in the utility level while the glbbaucture of the city (size, use of transporta}io
remains relatively unchanged. Nevertheless deergasfurther eventually drastically reduces
lot sizes, resulting in a drop in both utility léwnd city size.

Of course, the increase in utility generated byhad values ofx has a cost: the total
housing expenses distributed to landlords (moreigedy, the adequate notion would be the total
differential land rent presented i8)(but to maintain the simplicity of the argumentefer to
total housing expenses). By enforcing reduced gritee CHE policy proceeds to a form of
redistribution from the landlords to the househo&isiilar to the public ownership case
described in Fujita9), where rents are redistributed to the househdits redistribution is at
the origin of the higher utility than in the unctiagned city with absentee landlords.

Given the analysis of the Herbert-Stevens mo@glwe know that utility of the closed-
city model is maximized in the case of public ovaigp. No other configuration of the city, and
in particular the CHE city, can outperform this aneutility grounds. Yet, the CHE policy is
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widely enforced and accepted, while such is notctse for the public ownership of land. Thus
it is an interesting policy that can improve thdveacy of the households and increase their
utility at the same time, though being detrimetdadbandlords.

CONSTRAINING THE SHARE OF BOTH HOUSING AND
TRANSPORTATION

Let us now turn our attention to an alternativeiqyglconsisting in capping the total share of
housing and transportation expenditures. As pralou examine the impacts of such a policy
on the equilibrium city, in particular the influemof the constraint paramejer

Considering the similarities between the CH+T @#tE policies, | first present the main
results, omitting the proofs, and then focus onagglication to the linear city.

The Constrained Housing+Transportation (CH+T) model

Overview of the CH+T model

The CH+T model is a monocentric model amended thigtfollowing additional constraint:
R(r)s+T(r) < uY E9)

The sum of housing and transportation expenditisesapped to within a fractiop of the
household’s incomg&'. The casq.>1 is consequently tantamount to the classic uncansd
model.

Enforcement of such a policy yields the same effastthe CHE policy:

+ constraining lot size choices of the householdsuédly it sets ade factoa minimal
density)
+ lowering prices

Yet this time it can be shown that the constraiomoerns above all the households in the
suburban area (starting from the edge of the Cltigg tighter it becomes, the more households it
affects until covering the whole city.

Equilibrium features in the general case

The CH+T land use equilibrium exists and is uniqli@e only specific property of the
equilibrium in the general case is that city sineréases with:, which is the result of the
minimal density enforcement. The HT constraint iceki the two same economic forces that
influence the equilibrium utility level:

« By obliging the households to make sub-optimal césj the latter achieve a lower utility
level
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« But capping HT expenses generates a “discount’omsing prices, which is beneficial to
the households

Nevertheless, unlike the HE policy, there is noiobs case where we can predict the outcome.
The same goes for housing expenses.

Application to a linear city

In order to compare the CHE and CH+T policies,ugtcome back to the application where:
U(z,s) =1/2logz+1/2logs, T(r) =ar andL(r) =1.

Derivation of the equilibrium city

Determining the binding zone The HT constraint is strictly binding when:

> ting () =22 €10

Hence the following cases:

+ If p<1/2 the HT constraint is always binding.
« If ©=1/2, households located beyomgg(u) are bound by the HT constraint.

Characterization of the equilibrium  Resolution of the bid-max program brings abdw t
following system of equations:

2(r,u)=(Y —ar)/2 2(r,u)=@1- pY
F<foing (1) 48(r,u)=e® /2(r,u) F>rpng (1) 48(r,u)=e® /(r,u) E1)
Yrouy=e(y-ar)’/4 Y(r,u)=e 2 1- )Y (uY - ar)

Figure 5 illustratesE11) for the settings of the reference moddk10, Y=80, a=8, Ra=20).
Moreover | choosqu=0.70 andu=16 (corresponding to the equilibrium utility ofettCH+T
reference model for the selected valug)pfwhich yieldsrma=7 andrping=4.
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FIGURE 5 Bid Rent, Surfaces and z Good Consumptions ithhe Unconstrained (U) and CH+T models.

As previously stated, farying the HT constraint is ineffective, leading to tleeng solution that
in the original case. Faerying, the constraint becomes active, leading to cohstaines for lot
size andz good consumption.

From E11), we can derive the equilibrium utility and citige of the CH+T city:

PROPOSITIONS
In the applied case, the equilibrium is characeetias follows:
H<1/2 /"D[]-/Zuucr] M= ey
2 2

620 /j(l— 'U)Y Y \&
aN + R, 4aN+R,) 4aN+R,)

Fi T | —u- —|1- A

a aN+R, al” 41-uy)(aN+Ry)| | a aN + R,
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Wherelucr :1—1 L
2\ aN+Ry,

Calculations are based on three distinct cases:

s > Yields the unconstrained model.

o If pO[L/2ucr], roind(W)>0, thus households living in the central area af dity are
unconstrained.

o If u<1/2, rping()<0. The HT constraint is active for the whole city.

Comparative statics for the applied model

Utility level Starting fromu=1, while decreasing has no impact at first on the utility level of
the households (compared to the unconstrained @ity)<1/2 it decreases the utility level.

PrROPERTY4

For any given set of parametdis,Y,R,a), the equilibrium utility G(x) of the CH+T city
strictly increases with on [0,1/2] and is constant fapr1/2.

Considering Proposition 5, Property 4 is straightgrd. Yet, this property proves enlightening
for it states that, fond[1/2 ], the capped lot sizes perfectly compensate fer‘discount” on
housing prices given to the householdspdi/2, the constraint becomes too strong, inducing a
drop in the utility level.

Figure 6 depicts the variations of'(“) for the reference model, whequg=0.776:
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FIGURE 6 Utility level and city size of the CH+T aty.
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City Size and Density As previously stated for any given set of paramse(\,Y,R,a), the city
size increases witf1, which is illustrated for the reference model igufe 6. On [1/3)] the
city size is fairly well approximated by a lineamttion, which demonstrates the efficiency of
this policy in reducing the city size (relativety the CHE policy).

Similarly to the CHE policy, the CH+T policy altethe spatial distribution of density,
but this time it sets a minimum density level th#iects either the most remote part of the city
(uO[1/2, per]), or the whole city |(<1/2). This phenomenon is illustrated in Figure 7:
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FIGURE 7 Influence of u on equilibrium density in the reference model.

Average composition of the household budgets Similarly to the HE policy, the HT policy
brings about lower housing and transportation edjteres for the households, as illustrated in
Figure 8 (proof of following property omitted):

PROPERTYS

For any given set,Y,Ra,a), the average expenditures for both housing asmksprortation
increase withy, while the average consumption of the compositegtecreases with.

When the HT policy becomes active (starting frpg), increasing the constraint results in
decreasing transport costs and housing expensdigellime HE policy, the two items decrease
simultaneously in similar proportions, which resultom capping housing and transportation
expenses instead of only housing expenditures. WHalts below 1/2, the decrease steepens.
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FIGURE 8 Influence of u on the average composition of the household's buelg

CONCLUSIONS

Let us compare the main results concerning a licggrimplementing either the CHE or the
CH+T policy. | shall present the equilibrium utflitevel and city size for the reference applied
model with a target solvency level, defined asfthetion of income remaining after paying the
housing and transportation costs (Figure 9).

In both models, increasing the solvency of houkiEhads done by tightening the
corresponding constraint, until reaching the makissdvency level of 100% for a value of the
constraint parameter equal to zero. Since a cansfrarameter of one yields the unconstrained
model in both cases, each pair of curves stattseeatame point.

Figure 9 reveals that the CHE policy provides @atgr utility for any target level of
solvency, but at the cost of a greater city sizeg&ding land use, while both policies induce
shrinkage of the city, the CHE policy steepensdéesity curve when the utility rises, while the
CH+T policy always flattens the density curve. Murer, the CH+T policy is more efficient in
reducing the city size, and consequently transport@osts and energy consumption.
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Consequently, the linear model suggests that wiileCHE policy is beneficial to households on
utility grounds, and does improve their solvencyilevlsimultaneously reducing city size and
transport expenses, the CH+T policy makes a b&itdrto struggle against urban sprawl and
transportation costs. Because the model includetheneexternalities such as pollution or
congestion, nor the scarcity of energy, the CH+licganight prove a better choice than the
CHE policy depending on the objectives of the loeakhorities, and this despite utility
considerations. In all cases, both policies cands#l to secure a target level of solvency for the
households.

While the model developed in the present paper vedsful in understanding the CHE
and CH+T policies, several improvements are plarinegissess the effects of these policies in
more realistic settings:

« Considering the case of a disk-shaped city, whithcamplicate the calculations.

« Calibrating the utility functions and the paramstagainst existing metropolitan areas.

« Considering the policy impacts in terms of car owghg decision and modal choice,
especially for the CH+T policy.
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